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Abstract Root hemiparasitic plants interact with their host plants through parasitism
and competition. The interactions can be divided into aboveground and belowground
interactions. Because both groups of plants are autotrophic, they compete for light
aboveground. Belowground interactions are more complex. The host plants compete
for resources in the soil and the hemiparasitic plants prey on the host plants through
haustoria, using the hosts as the main source of water and nutrients. In this paper, we
modeled the relationship between these two plant types, extending the well-known
Rosenzweig-MacArthur predator-prey model to cover both light competition and
intra-specific parasitism among hemiparasites. We included a realistic relationship of
carrying capacity to environmental productivity and followed model behavior on a
productivity gradient. The model shows that, at very low productivities, there are
only a few poor hosts and hemiparasites have no chance to persist. As productivity
increases, there is a range of productivity where both plant types coexist. A further
increase in productivity gets the system out of the coexistence range, and only host
plants survive. This final prediction successfully explains patterns observed in
empirical data, contrary to the results of an earlier, oversimplified model of the
explored interaction. Comparison of various models demonstrates that the model is
able to reproduce the decline of hemiparasites with increasing productivity only
when competition for light is included.
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Introduction

Root hemiparasitic plants (e.g., Rhinanthoidae in Orobanchaceae) are parasitic
belowground, obtaining most of their water and nutrients from their hosts, and
simultaneously autotrophic, producing carbohydrates by photosynthesis (Press 1989;
Cameron et al. 2005; Press and Phoenix 2005). They are usually generalists and can
potentially attack a large number of different co-occurring plant species simulta-
neously, yet some host species are preferred (Matthies 1996; Svensson and Carlsson
2004; Press and Phoenix 2005) and some hosts defend themselves better than others
(Cameron et al. 2006, 2008). Potential hosts are often perennial grasses, because
they are common components of grassland plant communities and have a dense root
system (Seel and Press 1996; Puustinen and Salonen 1999), but hemiparasites might
also parasitize on each other (Prati et al. 1997). Most root hemiparasites are obligate
parasites, but many of them can survive to seedling stage without any host plant
(Press 1989; Press and Phoenix 2005). Hemiparasitic plants interact with their hosts
both aboveground and belowground and abiotic factors modify these interactions
(Cameron et al. 2005). Aboveground, both groups of species compete for light. The
belowground interactions are more complex. Both groups of plants potentially
compete for soil resources. However, for hemiparasites this interaction is not very
important, because they prey on host plants through haustoria attached to the host
roots, using them as the main source of water and nutrients (Press and Phoenix 2005;
Ahonen et al. 2006). Also, they are hardly able to decrease the level of soil resources
by direct uptake to negatively affect the hosts. Resource parasitism allows root
hemiparasites to overcome deficits in their competitive abilities (Smith 2000).

Matthies (1995) suggested that hemiparasites are restricted to nutrient-poor habitats,
because of the balance between the effects of parasitism and light competition. In high-
productivity environments, increased shading may reduce competitiveness of these
autotrophic plants with respect to their host plants, which are usually better competitors
for light (Press and Phoenix 2005). The importance of aboveground competition grows
with increasing productivity of the environment (Grime 1979; Tilman 1988; Wilson
and Tilman 1993; Lepš 1999). Also, seedling recruitment of hemiparasitic species
might be suppressed within dense vegetation (Petrů and Lepš 2000).

Smith (2000) proposed a simple model of the root hemiparasite – host plant system,
assuming that the belowground interactions are much stronger than the aboveground
ones and thus neglecting the latter. His model also implicitly assumed that the
hemiparasitic plants could complete their life cycle without host plants and is therefore
suitable only for facultative hemiparasites. The form of trophic function used in Smith’s
(2000) model implies that sufficiently abundant nutrients in soil would fully substitute
the host. However, this is not the case for obligate hemiparasites, and rarely for
facultative hemiparasites. The model thus produced some unrealistic results. First, it
predicted that, with increasing productivity, the proportion of biomass of hemiparasitic
plants should also increase. However, this prediction contradicts most field observations
(e.g., Matthies 1995). Second, the hemiparasites were predicted to outcompete their
hosts in environments with high resource levels, or at least increase their representation
with increasing level of resources (depending on model parameters).

Cameron et al. (2009) developed a simple model of hemiparasite-grass-forb
interactions, parameterizing it with data from pair-wise interaction experiments under
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two nutrient levels between the hemiparasite and several grass and forb species.
Whereas stable dynamics (all three plant types present) were observed to emerge under
low-nutrient levels, high-nutrient conditions produced unstable dynamics (hemi-
parasites absent); the latter can be stabilized by considering spatially explicit models
(Cameron et al. 2009). Although invaluable in showing that hemiparasites can modify
competitive interactions among their hosts and as a consequence cause shifts in host
community structure, Cameron et al.’s (2009) model is mainly statistical (fitted to a
specific system at two selected nutrient levels), and not aiming explicitly to distinguish
the aboveground and belowground interactions between species. In our opinion, the
distinction between aboveground and belowground interactions is the key to
understanding changes in the behavior of the system along a productivity gradient,
and so we attempted to build a model that separates their effects.

In this article, we propose a new model of the root hemiparasite-host plant
interaction that removes the two unrealistic assumptions made by Smith (2000) and
thus aims at explaining field observations. Namely, we assume intra-specific
parasitism among hemiparasites and modify the functional response to cover the
aboveground competition for light. Biological assumptions forms a sort of type IV
functional response (Freedman and Wolkowicz 1986; Kot 2001). Because our results
are opposite to those of the Smith (2000) model, we compare our predictions of
system dependence on environmental productivity with a relationship that we were
able to extract from published data. By comparing various models, we address which
processes must be included in the model to successfully explain and understand the
emerging empirical pattern.

Population Dynamics Model

To develop our model of the hemiparasite-host interaction, we started with the well-
known Rosenzweig-MacArthur predator-prey model, based on the logistic growth of
prey and the type II functional and numerical responses of predators (Berryman
1992; Kot 2001; Pastor 2008):

dx

dt
¼ rx 1� x

K

� �
� f ðxÞy

dy

dt
¼ �myþ ef ðxÞy

ð1Þ

Here x and y denote prey and predator densities, respectively, r is the intrinsic prey
growth rate and K their carrying capacity, both in the absence of predation, m is the
per capita mortality rate of predators in the absence of prey, f(x) is the type II
functional response and e is an efficiency with which consumed prey are
transformed into new predators.

Our prey is a host plant and our predator is a hemiparasitic plant. Mortality parameter
m reflects a decrease of biomass of hemiparasitic plants, not death of individuals.
Consequently, hosts are not directly consumed. Nevertheless, the amount of water and
nutrients present in the host and available to the hemiparasite is proportional to the host
biomass, and hemiparasites’ use of water and nutrients effectively decreases the
biomass of the host. Therefore, we consider x and y as host and hemiparasite biomass
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(not densities), respectively. Consequently, the relationship between biomass and water
and nutrients has a similar functional form: thus the parameter e in our case describes
an efficiency of hemiparasites’ use of water and nutrients from the host biomass to
build its own biomass. If the right-hand side of the host equation in (1) is negative, the
effect of hemiparasites is so strong that photosynthesis is not able to replace biomass
losses due to respiration and/or dying off of the green tissue. The type II functional
response is assumed here to have a hyperbolic form

f ðxÞ ¼ ax

xþ b

where a is the maximum hemiparasite per capita “predation” rate and b is the host
biomass necessary to achieve one-half that of the maximum rate (Abrams and
Ginzburg 2000; Kuang 2004; Ellner and Guckenheimer 2006).

We extended model (1) to cover competition for light and intra-specific parasitism
among hemiparasites to get the following form:

dx

dt
¼ rx 1� xþ cy

K

� �
� f ðxÞy

dy

dt
¼ �ðmþ m1yÞyþ ef ðxÞygðxÞ

ð2Þ

In this model, c denotes the competitive ability of hemiparasites for light relative to
their hosts, m1 is a measure of negative interactions (density dependence) among
hemiparasites, and g(x) is a function that scales light availability. Negative
interactions among hemiparasites come from two sources: getting nutrients from
each other (intra-specific parasitism) and shading each other (Prati et al. 1997;
Matthies 2003). The scaling function g(x) reflects that with increasing host biomass
there is a decreasing amount of light available to hemiparasites. In high density (and
so large-biomass) host populations, there is not enough light for hemiparasites that
are also autotrophic (Press 1989; Westbury and Dunnett 2007). Therefore, the
scaling function g(x) is assumed to decrease with host biomass; for the sake of
simplicity, we assume it declines sigmoidally from 1 to 0 as follows:

gðxÞ ¼ d2

x2 þ d2
ð3Þ

where d is the host biomass necessary to achieve the scale of one-half.
Model (2) thus describes interactions between hosts and hemiparasites due to two

limiting resources, light and one general soil resource (nutrients and water together).
Both resources are gained from a common resource pool. The host equation defines the
logistic growth of host plants with aboveground competition for light, belowground
competition for resources, and parasitism. Host plants will grow to the carrying capacity
of the environment without hemiparasitic plants. The hemiparasite equation describes
hemiparasite intra-specific parasitism and their composite numerical response. This
composite response is given by a hyperbolic type II response that is scaled by light
availability via Eq. 3, together forming a sort of type IV unimodal response.

All the parameters in our model (2) are positive. We also assume that b<d, which
means that the half-saturation of hemiparasite consumption (parameter b) is realized
at a smaller host biomass than half-saturation of shading by hosts (parameter d).
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We could simplify model (2) by omitting parameter r, the intrinsic per capita host
growth rate, through linearly rescaling time and making appropriate transformations
in relevant parameters:

t ¼ rt; m ¼ m=r; m1 ¼ m1=r; a ¼ a=r

The new and final system to be analyzed is obtained by these substitutions, bars dropped:

dx

dt
¼ x 1� xþ cy

K

� �
� ax

xþ b
y

dy

dt
¼ �ðmþ m1yÞyþ e

ax

xþ b
y

d2

x2 þ d2

ð4Þ

The carrying capacity is driven by a combination of both the limiting resources (light,
water and nutrients) in the environment. Changing productivity of the environment leads
to a change in the carrying capacity of host plants. We assume that there is a maximum
carrying capacity of host plants such that any further increase in productivity does not
increase the carrying capacity. This assumption reflects that the carrying capacity of host
plants directly follows the productivity gradient until reaching the state where the plants
are albeit not limited by nutrients, but rather biomass production reaches other limits
(such as body structure or other abiotic factors such as space). Host plants have often
wider ecological amplitudes that span evenmore productive environments. So, we could
assume that all the interesting changes in the interactions between hosts and
hemiparasites occur in the range where the carrying capacity of the host population is
determined by productivity of the environment.

Results

We will follow model (4) along the productivity gradient and show possible scenarios
with respect to productivity or equivalently the host carrying capacity K. Equilibrium
points of model (4) occur at the intersections of host and hemiparasite isoclines. We
are going to identify these points along the productivity gradient (or K) and determine
their stability. Most of our results are based on numerical calculations using Matlab
with Matcont package for analysis of equilibria (Dhooge et al. 2003) and Pplane
package for visualization of isoclines and dynamics (Polking and Arnold 1999).

Isoclines

By setting the right-hand sides of Eq. 4 to zero, we obtain the zero-growth isoclines;
their intersections determine equilibrium points of the system. Schematic forms of
possible patterns of the relative position of host and hemiparasite plant isoclines are
sketched in Fig. 1.

The host equation has two isoclines. One is trivial: x=0, the hemiparasite axis (i.e., the
complete absence of the host, which is biologically uninteresting). The second isocline is

hðx;KÞ ¼ y ¼ �x2 � bxþ ðxþ bÞK
xcþ bcþ aK
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and intersects the x (host) axis at x = K and the y (hemiparasite) axis at

hð0;KÞ ¼ y ¼ bK

bcþ aK

The intersection with the y axis defines a hyperbolic function with respect to K and
increases with increasing K to the maximum value y = b / a.

Fig. 1 Generalized
phase planes of system
(4) along increasing
productivity with
isoclines specified
by the hemiparasite equation
p (solid line) and the
host equation h (dotted line).
The points A and B are
intersections of the
hemiparasite isocline with
the x (host) axis and K
is the carrying capacity
of the host plants. Filled
circles denote the stable
equilibrium point with
host dominance and no
hemiparasites. Empty
circles (E1 and E3) mark
points that are either stable
or unstable coexistence
equilibria. Squares
(E2 and K) denote
unstable saddle points. The
following parameters of
Eq. 4 could be used to
draw similar types of
phase planes: e=1; a=0.6;
b=6; d=8; m=0.1; m1=0.01;
c=0.1 and for K a – e: 0.8, 6,
14, 18 and 23
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The hemiparasite equation also has two isoclines. The first is trivial: y=0 or the
host axis. The second is then

pðxÞ ¼ y ¼ xad2e

ðxþ bÞðx2 þ d2Þ � m

� �
=m1

and could intersect the x axis at three points, but at most two of them are positive. If
there are no positive intersections, then hemiparasites decline and host plants grow
to the carrying capacity. We focus only on parameter ranges that lead to two positive
intersections of p(x) with the x axis. These points are hard to express analytically and
we denote them as A and B, supposing A<B. We see that the hemiparasite isocline
does not depend on the carrying capacity K and thus does not change when we
increase environmental productivity.

Trivial System Equilibria

By trivial system equilibria we mean those in which one or both species do not
persist. There are two trivial equilibria of model (4), [0,0] and [K,0], and both always
exist. The extinction equilibrium [0,0] describes the situation with no host plants and
no hemiparasites. As the determinant of the Jacobian (for the Jacobian of model (4),
see Appendix 1) evaluated at this equilibrium

det J
0
0

� �� �
¼ �m

is always negative, [0,0] is an unstable equilibrium (saddle point) (the Routh-
Hurwitz criterion; Kot 2001).

The host-only equilibrium [K,0] describes full dominance of hosts with their
biomass at the carrying capacity and no hemiparasites. The determinant and trace of
the Jacobian evaluated at this equilibrium are as follows:

det J
K

0

� �� �
¼ m� ad2eK

ðK þ bÞðK2 þ d2Þ

trace J
K

0

� �� �
¼ ad2eK

ðK þ bÞðK2 þ d2Þ � m� 1

By applying the Routh-Hurwitz criterion, the equilibrium is unstable (saddle point)
when the determinant is negative and stable if the determinant is positive and the
trace is negative. You may notice that the determinant and the trace can be expressed
using the hemiparasite isocline as

det J
K

0

� �� �
¼ �pðKÞm1

trace J
K

0

� �� �
¼ pðKÞm1 � 1

This implies that if the carrying capacity K is between A and B, then the determinant
is negative, because p(x) is positive for any x in the range (A,B). In such a case, the
equilibrium [K,0] is a saddle point (Fig. 1b and c). If K lies outside the range (A,B),
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then the determinant is positive and the trace is negative, as p(K)<0 in this case:
hence, [K,0] is a stable equilibrium (Fig. 1a,d and e).

Non-trivial System Equilibria

By non-trivial system equilibria we mean those in which both host and hemiparasite
plants coexist. Because of the high complexity of Eq. 4, the following results for
non-trivial equilibria are based on numerical calculations and show the possible
types of equilibria that can occur.

Carrying Capacity K Lies Outside (A,B) Range

IfK<A, then there are only two trivial equilibria [0,0] and [K,0]. We know from above
that only the second one is stable (see Fig. 1a). The carrying capacity of host plants is
too low and hosts attain too low a biomass to sustain hemiparasites. Therefore, host
plants grow to the carrying capacity K and hemiparasites decline to extinction.

If K>B, then there are two possibilities: either the host isocline h intersects the
hemiparasite isocline p at two points (Fig. 1d) or h lies over p and they do not
intersect (Fig. 1e). In the first case, we observe a bistability regime (with two
equilibria): the lower (in terms of host biomass) equilibrium E1 is stable (Fig. 2a) or
unstable (Fig. 2b), depending on parameter values, and the higher equilibrium E2 is

a

b

Fig. 2 Phase planes of
two stability cases for
equilibrium E1 from
Fig. 1d. Hemiparasitic and
host isoclines are marked
by solid line p and dotted
line h. Dashed lines with
arrows denote oriented
trajectories of system
(4). All initial conditions
in the area bordered
by the dashed line
(without arrows) are
converging to equilibrium
E1. Initial conditions
outside the dashed line
bordered area lead to the
host-only equilibrium
[K,0]. In a, E1 is a
stable equilibrium
(parameters of Eq. 4: e=1;
a=0.6; b=6; d=7; m=0.1;
m1=0.006; c=0.1; K=14).
In b, E1 is an unstable
equilibrium with a stable
limit cycle around it
(parameters are similar as
previous, except: b=5;
K=15)
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always an unstable saddle point. In the case where E1 is unstable, then there is a
stable limit cycle around (Fig. 2b) it or all initial conditions lead to the host-only
equilibrium [K,0]. With increasing K, the area of attraction of equilibrium E1 (or the
surrounding limit cycle) decreases and the area of attraction of the host-only
equilibrium [K,0] increases until the host isocline moves over the hemiparasite
isocline for any value of host biomass. The second case, where h lies over p, again
corresponds to only two trivial equilibria [0,0] and [K,0] of which only the latter is
stable, and no non-trivial equilibrium (Fig. 1e). In both of these cases, the carrying
capacity of host plants is too high and hosts can thus attain a great amount of
biomass, which leads to intensive shading and decline of hemiparasites. For
parameter ranges in which the equilibrium E1 is stable or unstable, see Fig. 3.

Carrying Capacity K Lies Inside (A,B) Range

If K lies inside the (A,B) range, then we know from above that the equilibrium [K,0]
is unstable (saddle point). Numerical calculations suggest that there exist one or
three non-trivial equilibria at the intersections of isoclines. If there is only one
intersection, then this equilibrium point is stable or unstable (Fig. 1b). If the isoclines
intersect at three non-zero equilibrium points, we observe another bistability regime:
the lowest (in terms of host biomass) equilibrium E1 is stable or unstable, the
intermediate one (E2) is always unstable (saddle point) and the highest one (E3) is
again stable or unstable (Fig. 1c). For parameter ranges in which the equilibria E1
and E3 are stable or unstable, see Fig. 3.

The situation where the carrying capacity K lies in the (A,B) range is the main
area of coexistence of host and hemiparasite plants and therefore we refer to (A,B) as
the coexistence range. Coexistence (hemiparasites present) equilibrium appears after
K enters the range (A,B). Hemiparasite species biomass for K in the (A,B) range is
shown in Fig. 4. Biomass of the hemiparasite increases with a concave down shape
until it exceeds the top of the hemiparasite isocline or until there appear two other
equilibria; the last of them will become a new stable coexistence equilibrium. After
that, biomass of the hemiparasite decreases to zero.

Dependence on Parameters

An increase in parameters a and e, the hemiparasite maximum unit gain and
efficiency of transformation of the host biomass to that of the hemiparasite,
respectively, leads to an extension of the length of range (A,B). This means that the
hemiparasite maximum unit gain and transformation efficiency directly refer to the
length of the coexistence range. An increase in parameter b, the host biomass
necessary to achieve one-half the maximum “consumption” rate, reduces the length
of the coexistence range (A,B) as well as the maximum of the hemiparasite isocline.
Also, if b is increased, the functional response f(x) will grow at a slower rate, and the
left (growing) side of the hemiparasite isocline will increase less abruptly. Changing
m, the intrinsic per capita hemiparasite mortality rate, does not change the isocline
shape, but only moves the isocline along the y axis up or down.

Parameters corresponding to the mechanisms that extend the Rosenzweig-
MacArthur predator-prey model play a significant role, too. Parameter d, the host
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Fig. 3 Analysis of equilibria for all parameters of system (4) along the carrying capacity K. The solid line
delimits the area in which K lies in the (A,B) range. The dotted line then delimits the area where the
equilibrium E2 exists. The dashed line with a connection to the dotted line delimits the area where the
equilibrium E1 is unstable and surrounded by a stable limit cycle. Numbers denote areas, bordered with
lines, where model (4) has different behavior. In area 1, there is only the stable equilibrium E1 (Fig. 1b). In
area 2, there is only the stable equilibrium [K,0] (Fig. 1a and e). In area 3, there is only the non-trivial
equilibrium E1 which is unstable and surrounded by a stable limit cycle (Fig. 1b). In area 4, [K,0] is a
stable equilibrium and E1 is unstable and surrounded by a stable limit cycle (Fig. 1d). In area 5, there are
three non-trivial equilibria E1, E2 and E3, where E1 is unstable and surrounded by a stable limit cycle, E2
is an unstable saddle point and E3 is stable or unstable (Fig. 1c). Area 6 is similar to area 5, but E1 is
stable (Fig. 1c). In area 7, there are three equilibria E1, E2 and [K,0], where E1 and [K,0] are both stable
and E2 is an unstable saddle point (Fig. 1d). Parameters of Eq. 4 used to draw these diagrams: e=1; a=
0.6; b=5; d=8; m=0.1; m1=0.01; c=0.1
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biomass necessary to achieve one-half the maximum of the scaling function (3) due
to shading, has the opposite effect to parameter b. Its increase extends the
coexistence range, results in a higher maximum of the hemiparasite isocline and
causes the right (declining) side of the hemiparasite isocline to decrease at a slower
rate. If d is increased, intensity of shading is reduced. An increase in parameter c, the
competitive ability of hemiparasites for light relative to their hosts, leads to a
decrease in the carrying capacity of host plants in the presence of hemiparasites.
Finally, an increase in parameter m1, the measure of negative density dependence
among hemiparasites, also decreases the maximum value of the hemiparasite
isocline.

For parameter ranges with respect to the host carrying capacity K that lead to the
existence of any system equilibrium, see Fig. 3. From this figure we observe that
there is only one relatively restricted area 3 where the system has a unique non-
trivial equilibrium E1 that is unstable and surrounded by a stable limit cycle.
Changes in unconstrained parameters d and a might predominantly take the system
(4) to area 3. In area 5, E1 is unstable and E3 is a stable or unstable equilibrium (for
the parameter values used to create Fig. 3, E3 was always stable). In all the other
areas, there always exist one or two non-trivial stable equilibria.

Extensions of the Rosenzweig-MacArthur predator-prey model guide the different
dynamics; see Fig. 5 for examples. Removal of the competitive effect of parasite on
the host by shading (parameter c) leads to a decrease of the area where initial
conditions drive the system (4) to coexistence of species; compare Fig. 2a and
Fig. 5a. Removal of intra-specific parasitism (parameter m1) has the opposite effect.
This change also destabilizes equilibrium E1 and a stable limit cycle appears around
E1; compare Fig. 2a and 5b. After removal of shading of hemiparasites by their
hosts (function g(x)), the behavior of the system distinctively changes (see Fig. 5c).

Fig. 4 Generalized graph with hemiparasites biomass along increasing productivity K>A. The solid line
shows situations where the hemiparasite and host isoclines have only one non-trivial intersection for K in
the (A,B) range (Fig. 1b). Parameters of Eq. 4 used to draw a similar line: e=1; a=0.5; b=5; d=9; m=0.1;
m1=0.01; c=0.1. The dotted lines correspond to situations where there is more than one non-trivial
intersection with different biomass (Fig. 1c and d). Parameters used to draw similar lines are the same as
the previous ones, except: a=0.6; d=8. The upper dotted line is for the E1 equilibrium and the lower one
for the E3 equilibrium. Increasing the carrying capacity leads to a decrease in the area of attraction of point
E1 (or the surrounding limit cycle) and an increase in the area of attraction of point E3 once K<B and
point [K,0] once K>B. The point C≥B is the carrying capacity where the host isocline surpasses the
hemiparasite isocline (Fig. 1e). These two line types correspond to two alternative scenarios and hence to
different parameter sets
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Except at very low productivities, there is always some coexistence equilibrium
(stable or unstable with a stable limit cycle around). Also extinction of both species
could occur with starting conditions having a great amount of hemiparasites and
significantly smaller amount of host plants even at high productivities. Both
previous situations are not realistic and are not observed in nature (van Hulst et al.
1987; Matthies 1995). Overall, the addition of a function describing shading of
hemiparasites by their hosts is the most important amendment leading to realistic
behavior of the system. Shading of hosts by hemiparasites and intra-specific
parasitism also stabilize the system but their effect is fairly less pronounced.

a

b

c

Fig. 5 Phase planes
of system (4) without
extension of the
Rosezweig-MacArthur
model (base scenario
is Fig. 2a). Hemiparasitic
and host plant isoclines
are marked by solid line(s)
p and dotted line h.
Dashed lines with arrows
denote oriented trajectories
of the system (4). All
initial conditions in the
area bordered by the dashed
line (without arrows)
converge to equilibrium
E1. Initial conditions
outside the dashed line
bordered area lead to the
host only equilibrium
[K,0]. Parameters of Eq. 4
used to draw these diagrams:
e=1; a=0.6; b=6; d=7;
m=0.1; m1=0.006; c=0.1;
K=14. Phase planes a and
b reflect the scenarios of
system (4) where c=0 and
m1=0. Phase plane c shows
a situation where the
hemiparasitic equation is
without the g(x) function
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Comparison with Field Data

To check whether our prediction of the change in the biomass of hemiparasites along
the productivity gradient (Fig. 4) can help explain and understand observed
empirical patterns, we re-analyzed the data collected by Hadač (1969) on biomass
and species composition in natural alpine communities in the Belianske Tatry Mts.
(Slovakia). Hadač (1969) characterized each community type (n=13) by total dry
biomass (which we take as a surrogate for productivity) from five relevés (relevé =
list of all species per plot with ocular estimation of percent cover). In our analysis we
excluded one community type dominated by a small shrub, Vaccinium uliginosum
L.; its biomass was built by its perennial woody stem, which may not reflect annual
productivity. Both the total number of hemiparasitic plant species and their
proportion (percentage of parasitic plants among all plant species in the five relevés)
decreased with increasing biomass in the community; the hemiparasites were rare or
even absent in highly productive plant communities (Fig. 6, only the proportion
shown). This phenomenon is well predicted by our model.

Discussion

We propose a model for the interactions between hemiparasitic and host plants that
extends the Rosenzweig-MacArthur predator-prey model (Berryman 1992; Kot
2001; Pastor 2008) and considers intra-specific interactions among hemiparasites
and competition of both plant species for light. The intra-specific interactions
include parasitism between hemiparasites and mutual shading (Prati et al. 1997;
Matthies 2003). The importance of competition for light grows with increasing
productivity of the environment (Wilson and Tilman 1993; Lepš 1999). Our model is
designed to describe obligate hemiparasites, the most common type in this group
(Press 1989; Press and Phoenix 2005). This leads to the special form of hemiparasite
equation that is host oriented and not directly environmental-productivity oriented.

Fig. 6 Relationship
between the proportion of
hemiparasitic plants (percentage
of total plant species that were
parasitic in the five relevés)
and the biomass of vascular
plants (with hemiparasites)
in alpine meadow communities,
based on data by Hadač (1969).
The regression line was fitted
using generalized linear models,
and the equation is percentage
of hemiparasitic species = exp
(2.10−0.003566×biomass
[g/m2]), R2=0.4444, P=0.013
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Our extended model, compared with the Rosenzweig-MacArthur predator-prey
model, includes several additional processes (light competition between host types
and intra-specific interactions among hemiparasites) and results in more complex
dynamical behavior (occurrence of two types of bistability). Generally, the new
parameters corresponding to the novel mechanisms help stabilize system dynamics
(Fig. 3). However, there are still parameter ranges that give rise to unstable
dynamics, that is, result in hemiparasite extinction, similarly to Cameron et al.
(2009). Adding a shading function to the Rosenzweig-MacArthur model was the
most useful in explaining the relation between hemiparasites and host plants.

We analyzed the model along the productivity gradient of the environment, which
we identified with the carrying capacity of the environment for the host plant
species. In poor productivity environments, host biomass is too low to sustain
hemiparasites, which eventually go extinct (Fig. 1a); this corresponds to the results
of Westbury and Dunnett (2007). An initial increase in productivity makes
coexistence between hosts and hemiparasites possible (Fig. 1b,c and d). There is
also a range of low environmental productivities in which the biomass of
hemiparasites grows (Fig. 4). This situation continues until a new coexistence
equilibrium (E3) appears or the host isocline surpasses the peak of hemiparasite
isocline. Any further increase in productivity leads to a slower decrease in the
proportion of hemiparasite biomass or its sudden decline, as suggested by Westbury
and Dunnett (2007). That decrease continues to zero until we reach the end of the
coexistence range. If we further increase productivity, the carrying capacity of the
host plants becomes too high and therefore hosts could gain a greater amount of
biomass, which leads to intensive shading and decline and eventual extinction of
hemiparasites (Fig. 1d and e), as suggested by van Hulst et al. (1987). Cameron et al.
(2005) similarly stated that there is a significant interaction between nutrients and
parasitism. If the shading of a parasite by the host was excluded from the model, the
competitive exclusion of the parasite population under high productivity disap-
peared. This corresponds to the behavior of holoparasites, which do not need light,
and are known to be able to grow also in highly productive communities (e.g., some
species of Orobanche).

The length of the coexistence range for hemiparasites and host plants could be
extended by increasing the maximum hemiparasite unit gain or efficiency of
transformation of host biomass to that of the hemiparasite; an opposite effect is due
to an increase of the half-saturation parameter of the hemiparasite unit gain. An
increase of the half-saturation parameter corresponding to shade-tolerance leads to
the extension of the coexistence range.

Our model results thus confirm the conjecture of Matthies (1995) that hemi-
parasites are restricted to nutrient-poor habitats, because of a balance between the
effects of parasitism and light competition. Our predictions are also in agreement
with the data of Hadač (1969), showing that increasing the total biomass of plants
leads to a decrease in the percentage of hemiparasitic plants (Fig. 6), and with our
own field experience. Similarly, fertilizing and higher host community biomass lead
to decreased seedling survival (Mudrák and Lepš 2010), decreased fruiting (van
Hulst et al. 1987) and density of hemiparasites (Westbury and Dunnett 2007).

The model of Cameron et al. (2009) is designed to describe a three-species
community (hemiparasites, grasses and forbs) at two levels of nutrients (low and
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high). Whereas stable dynamics emerge under low-nutrient levels, in high-nutrient
treatments stable dynamics appear only after accounting for spatial effects (local
rather than global competition). The former prediction is equal to ours: coexistence
of hemiparasites and their hosts is possible under low-nutrient levels. Our model
predicts extinction of hemiparasites under high-nutrient levels. This corresponds to
the greater parameter area of unstable and no hemiparasites dynamics in the non-
spatial Cameron et al. model under high nutrient levels than low levels.

Another model used to describe the host-hemiparasite interaction is that by Smith
(2000), the results of which are opposite to ours. Namely, this model predicts that,
with increasing productivity, the proportion of biomass of hemiparasites will also
increase. These contrasting results come from the different model assumptions. In
fact, the model of Smith (2000) is oversimplified, as it covers neither the intra-
specific interactions among hemiparasites nor aboveground competition for light.
The latter is especially important in high-productivity environments (Grime 1979;
Wilson and Tilman 1993; Lepš 1999). Because hemiparasites are quite poor in
competition for light with their hosts (van Hulst et al. 1987; Matthies 1995;
Svensson and Carlsson 2004) and have high light requirements (ter Borg 1985), they
usually lose in competition in productive environments. However, Hwangbo and
Seel (2002) suggest that light availability does not affect the growth of Rhinanthus
minor L. Also, it has been proposed that, after establishment, sward density is not
important for the persistence of Rhinanthus (de Hullu et al. 1985). On the contrary,
Mudrák and Lepš (2010) found that the mortality of Rhinanthus minor L. was higher
in fertilized (and so more productive) plots. Unlike in the model by Smith (2000), it
is not possible for hemiparasites to outcompete the host species (neither in reality,
nor in our model).

Hemiparasites are considered as ecosystem engineers, because they alter the
surrounding physical environment and can increase community diversity (Press and
Phoenix 2005; Westbury and Dunnett 2007). Hemiparasites influence the structure
and functioning of the plant community (Joshi et al. 2000; Press and Phoenix 2005;
Cameron et al. 2009). For example, Rhinanthus has been suggested as a tool in the
restoration of species-rich meadows, because it suppresses grasses (preferred hosts)
in favor of forbs (Westbury and Davies 2005; Cameron et al. 2006; Ameloot et al.
2006; Westbury and Dunnett 2007). Our results suggest that the function of
ecosystem engineers via suppression of preferred host species is possible only in
nutrient-poor habitats, due to light availability, while in nutrient-rich habitats they
will have only a small and temporary effect.

Our model is based on realistic assumptions about the host-hemiparasite
relationship, namely that the relationship is parasitic belowground where the amount
of host roots limits the growth of hemiparasites. Aboveground, limited light
availability governs both the density dependence of the host population and the
competition between hosts and their hemiparasites. Finally, the hosts are better
competitors for light than the hemiparasites. Based on these assumptions, the model
predicts that the stable coexistence of host and hemiparasite niche is limited to
intermediate productivities. At low productivities, the hemiparasite is not able to
survive due to limitation of host availability; however, with increasing efficiency of
parasitism, the environments with decreasing productivities can support the hemi-
parasite. At high productivity levels, the hemiparasite is outcompeted by its host.
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This decline, which is in good agreement with our field experience, is documented in
the literature, and can be supported by published data.

In his classic paper, Levins (1966) noted the trade-off between generality,
precision, and realism of population ecology models. Our model is an attempt to
capture the most general features of the hemiparasite – host system. We have
demonstrated that, should the model realistically mimic the pattern of changes in
system behavior on a productivity gradient, aboveground competition for light
between the host and hemiparasite must be included. To keep the model general,
we had to use many simplifications. Similarly to other general models (including
the one of Smith 2000), we have used a system of differential (not difference)
equations, because they are better resoluble analytically. To keep the model simple
and general, the size of each component population is characterized by a single
number (biomass). Consequently, the changes in population density cannot be
distinguished from changes in the size of individuals. We tacitly assume that both
the competitive effects and amount of water and nutrients available for parasitism
are determined by biomass itself. These simplifications are acceptable if all of the
species are in the same layer; consequently, the model is suited for herbaceous
vegetation. If we included woody hosts or woody root hemiparasites (e.g.,
Santalum), the situation would have been more complicated; in particular, biomass
would not be a good measure of either resources available, or the effect of
populations. Consequently, the field data used for comparison come also from
herbaceous vegetation.

More realistic models would undoubtedly include differential effects of
population density and size of individuals (together with inclusion of the effect of
host and hemiparasite individuals’ height), and also seasonal changes in growth rate,
rate of parasitism and mortality. In particular, mortality (defined as death of
individual plants) is a highly seasonal phenomenon, and depends on the life history
of individual species – e.g., all the annuals die at the end of the season. As our model
does not reflect the seasonality, for the annuals, we have to assume the standing
biomass of the hemiparasite at the height of the growing season in one year is
converted, through the production of seeds and seedlings, in an identical hemi-
parasite biomass at the beginning of the next growing season. Because of differences
in life-histories of individual species, models reflecting seasonality would necessar-
ily be less general; they would probably need to be species specific, or focused on
functionally homogeneous groups of species.
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Appendix 1

Jacobian of model (4) is as follows

J
x
y

� �
¼ a11 a12

a21 a22

� �

where

a11 ¼ 1� cyþx
K þ x ay

ðxþbÞ2 � 1
K

� �
� ay

xþb

a12 ¼ �x a
ðxþbÞ þ c

K

� �
a21 ¼ ad2e

ðxþbÞðx2þd2Þ � ad2ex
ðxþbÞ2ðx2þd2Þ � 2ad2ex2

ðxþbÞðx2þd2Þ2
� �

y

a22 ¼ �2ym1 þ ad2ex
ðxþbÞðx2þd2Þ � m

a11 (a12) is the partial derivative of the right-hand side of the host equation of
model (4) according to x (y) and a21 (a22) is the partial derivative of the right-hand
side of the hemiparasite equation of model (4) according to x (y).
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